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Abstract
Using conjugation of Shimura varieties, we produce nonisomorphic,
cocompact, torsion-free lattices in PU(n, 1) with isomorphic profinite
completions for all n ≥ 2. This disproves a conjecture of D. Kazhdan
and gives the first examples nonisomorphic lattices in a semisimple Lie
group of real rank one with isomorphic profinite completions, answer-
ing two questions of A. Reid.
1 Introduction
Let Γ be a finitely generated residually finite group. Its profinite completion
Γˆ is a powerful tool in studying not only the group-theoretic properties of Γ,
but also the geometric properties of a manifold or variety with topological
fundamental group Γ. Recently, this connection has led to a great deal of
interest in profinite rigidity ; one says that Γ is profinitely rigid if any finitely
generated residually finite group ∆ with Γˆ ∼= ∆ˆ is necessarily isomorphic to
Γ. See Reid’s ICM address [15] for an introduction to this topic and [14] for
a more expanded survey.
Profinite rigidity is of particular interest for the groups one encounters
in geometric and low-dimensional topology. For example, Bridson, Conder,
and Reid proved that if two finitely generated Fuchsian groups (i.e., dis-
crete subgroups of PSL2(R)) have isomorphic profinite completions, then
the two Fuchsian groups are necessarily isomorphic [6]. More recently, Brid-
son, McReynolds, Reid, and Spitler [7] showed that the arithmetic Kleinian
∗This material is based upon work supported by Grant Number 523197 from the Simons
Foundation/SFARI.
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group PSL2(Z[e
2pii/3]) is profinitely rigid. In the negative direction, Baum-
slag gave examples of nonisomorphic infinite finitely generated nilpotent
groups with isomorphic profinite completions [2], and the congruence sub-
group property leads to examples of nonisomorphic higher rank lattices in
semisimple Lie groups with isomorphic profinite completions [1].
Motivated by the above, Reid asked whether or not lattices in rank one
real Lie groups are profinitely rigid [14, Q. 10]. The purpose of this paper
is to answer this question in the negative, confirming Reid’s speculation.
Theorem 1.1. For each n ≥ 2, there exists a pair of nonisomorphic, co-
compact, torsion-free lattices Γ,∆ < PU(n, 1) such that Γˆ ∼= ∆ˆ. One can
choose Γ and ∆ to be noncommensurable.
We also note that one can guarantee that these lattices do not have the
congruence subgroup property. In fact, we will show that they can have
arbitrarily large first betti number; see Lemma 3.5. On the other hand, our
methods will always produce examples with the same volume; see Lemma
3.7 and compare with [15, Q. 7.4]. We can also produce arbitrarily long
sequences of nonisomorphic lattices with isomorphic profinite completions.
Since cocompact lattices in PU(n, 1) are Gromov hyperbolic groups, we also
obtain the following, answering another question of Reid [14, Q. 14].
Theorem 1.2. For each d ≥ 2, there exist pairwise-nonisomorphic torsion-
free Gromov hyperbolic groups Γ1, . . . ,Γd such that Γˆj ∼= Γˆk for all pairs
1 ≤ j, k ≤ d.
Our proof uses a combination of techniques from discrete subgroups of
Lie groups and algebraic geometry. That one can find distinct smooth pro-
jective surfaces with nonisomorphic fundamental groups having the same
profinite completion is well-known, and goes back to Serre [17], who noticed
that it suffices to construct complex varieties V,W with nonisomorphic fun-
damental groups such that W = τV for some τ ∈ Aut(C). It follows im-
mediately that they have the same e´tale fundamental group, i.e., that their
topological fundamental groups have isomorphic profinite completions.
We employ this basic idea via conjugation of Shimura varieties. Results
of this kind date back to work of Kazhdan in the early 70s [8], and we closely
follow more recent work of Milne and Suh [11], who constructed examples
of nonisomorphic higher-rank lattices with isomorphic profinite completions
using conjugate but not homeomorphic Shimura varieties. (In contrast with
[1], they do not need to assume the congruence subgroup property holds.)
The main contribution of this paper is to show that their use of the Mar-
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gulis superrigidity theorem can be weakened to Mostow rigidity, which then
applies for PU(n, 1).
Said differently, we use the theory of arithmetic groups to find smooth
projective surfaces V,W with universal cover Bn such that pi1(V ) 6∼= pi1(W )
butW = τV for some τ ∈ Aut(C). Here Bn denotes the unit ball in Cn with
its (negatively curved) hermitian symmetric Bergman metric. In particular,
we will show the following, which disproves a conjecture of Kazhdan [8, p.
325].
Theorem 1.3. For each n ≥ 2, there exists a pair of smooth projective
varieties V,W defined over a number field F such that
1. V and W have nonisomorphic (topological) fundamental groups;
2. V and W both have universal covering biholomorphic to the ball Bn
with its Bergman metric;
3. there exists τ ∈ Aut(C/F ) such that W = τV .
We now briefly discuss the organization of the paper. In §2, we give
preliminary material from Milne–Suh [11] and prove a generalization of their
main result using Mostow rigidity. In §3, we give very concrete examples of
lattices in PU(2, 1) for which the results in §2 will apply. These examples
suffice to prove the theorems discussed in this introduction.
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2 Preliminaries
The purpose of this section is to translate the results of Milne and Suh [11]
to the situation of interest for us, namely the unit ball Bn in Cn with its
Bergman metric. We assume familiarity with the basic notions used there.
This metric makes Bn into a Hermitian symmetric domain with PU(n, 1) the
identity component of the group Hol+(Bn) of holomorphic automorphisms
of Bn.
To simplify the discussion, we will only consider the arithmetic subgroups
of PU(n, 1) of ‘simplest type’, though our methods apply to an arbitrary
arithmetic lattice. Let F be a totally real number field with degree d over
Q and ν1, . . . , νd be the distinct embeddings of F into R. Fix a totally
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imaginary quadratic extension E/F and let σ denote the nontrivial Galois
involution for the extension. Choose a σ-hermitian form h on En+1 and let
H be the F -algebraic group SU(h) of special unitary automorphisms of h.
This is an absolutely almost simple, simply connected F -algebraic group.
For each embedding νj : F → R we obtain a real algebraic group Hνj
with Hνj(R) = H(F ⊗νj R), which is then isomorphic to SU(pj, qj), where
pj + qj = n + 1 and (pj, qj) is the signature of h considered as a hermitian
form on Cn+1 via this embedding. Our standing assumption in what follows
is that there is exactly one 1 ≤ j ≤ d such that Hνj(R)
∼= SU(n, 1) and
that Hνk(R)
∼= SU(n + 1) for all k 6= j.1 The restriction of scalars H∗ =
ResF/Q(H) is then a Q-algebraic group with
H∗(R) ∼= SU(n, 1)× SU(n+ 1)
d−1,
and hence H∗(R) admits a projection onto PU(n, 1) with compact kernel.
Let A∞F be the finite adeles of F and K an open compact subgroup of
H(A∞F ). The group Λ = H(F ) ∩K is a congruence subgroup of H(F ), and
its image Γ in PU(n, 1) is a lattice, i.e., a discrete subgroup so that V =
Bn/Γ has finite volume. This class of lattices includes the more traditional
congruence subgroups defined by matrices congruent to the identity modulo
some ideal; see §3 for an explicit example connecting the two notions. It
is then a basic fact that V is compact if and only if d > 1, i.e., F 6= Q.
Moreover, V is a normal quasiprojective variety, hence it is projective when
V is compact. For sufficiently small K we can assume that V is smooth,
which is equivalent to Γ being torsion-free; in the compact case V is then a
smooth complex projective variety of dimension n.
In the language of [11], such a V is a Shimura variety of type (H,B2).
The theory of Shimura varieties then implies that V has a model defined
over a number field called its reflex field. Given any element τ of Aut(C),
we then apply τ to the polynomials defining V as a smooth quasiprojective
variety and obtain a possibly new variety τV . It is a fundamental result
going back to Kazhdan [8] that τV is also a Shimura variety.2 Milne and
Suh gave the following precise formulation of this:
Theorem 2.1 (Thm. 1.3 [11]). Let V be a smooth algebraic variety over C,
and let τ be an automorphism of C. If V is of type (H,X) with H simply
1It is tradition to rearrange the places of F so that ν1 is the place where the signature
is (n, 1). For the arguments in this paper, this assumption will only complicate things.
2In fact, Kazhdan proved the the same holds when V is an arbitrary arithmetic quotient
of a hermitian symmetric domain, not just the quotient by a congruence subgroup.
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connected, then τV is of type (H ′,X ′) for some semisimple algebraic group
H ′ over F such that:{
H ′ν
∼= Hτ◦ν for all real embeddings ν : F → R, and
H ′ν
∼= Hν for all nonarchimedean places ν of F
We now prove a result that expands the scope of the examples that one
can produce using the techniques of [11]. The key observation is that when
X is not the Poincare´ disk and Γ is an irreducible lattice in Hol+(X), one
can replace the use of Margulis superrigidity in [11] with Mostow rigidity
and obtain the same conclusions.
Theorem 2.2. Suppose that V , H, τ , and H ′ are as in Theorem 2.1. Fur-
thermore, assume that dimC(V ) > 1 and that H is almost simple over F . If
H ′ is not isomorphic as an F -algebraic group to σH for any σ ∈ Aut(F/Q),
then pi1(V ) is not isomorphic to pi1(τV ).
Proof. We have that V is a Shimura variety of type (H,X) and τV has
type (H ′,X ′). The assumption that H ′ is not isomorphic to σH for any
σ in Aut(F/Q) is equivalent to the assumption that H∗ = ResF/Q(H) and
H ′∗ = ResF/Q(H
′) are not isomorphic as Q-algebraic groups [3, §3]. Indeed,
such an isomorphism of Q algebraic groups is necessarily the composition of
a Q-algebra isomorphism σ : F → F with an isomorphism σH → H ′. That
H is almost simple over F implies that Γ = pi1(V ) is an irreducible lattice
in Hol+(X). Let Γ′ = pi1(τV ).
Suppose that Γ ∼= Γ′. Since dimC(V ) > 1, Mostow rigidity holds. There-
fore X = X ′ and V is isometric to τV , hence there is some g ∈ Hol+(X)
such that Γ′ = gΓg−1. This conjugation defines an isomorphism between
the commensurators CHol(Γ) and CHol(Γ
′) of Γ and Γ′ in Hol+(X), respec-
tively. It is a fundamental result due to Borel [3, Thm. 2] that CHol(Γ)
is isomorphic to H∗(Q), where H∗ is the adjoint form of the Q-algebraic
group H∗, and similarly for CHol(Γ
′) and H
′
∗. It follows that H∗ and H
′
∗ are
isomorphic as Q-algebraic groups, and hence H∗ is similarly isomorphic to
H ′∗. This contradicts our assumption that H
′ is not isomorphic to σH for
any σ ∈ Aut(F/Q) and completes the proof of the theorem.
Remark 2.3. As noticed in [11, Rem. 2.7], it might still be the case that
pi1(V ) is not isomorphic to pi1(τV ) when H ∼= H
′. Indeed, the two funda-
mental groups might only be commensurable but not isomorphic. It would
be interesting to find such an example.
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3 An family of examples
To justify the main results in the introduction, it suffices to produce ex-
amples of algebraic groups H to which Theorem 2.2 applies. We do this
for PU(2, 1) for concreteness, though our examples trivially generalize to
PU(n, 1) for any n ≥ 3. We describe in detail the construction of two noni-
somorphic torsion-free cocompact lattices in PU(2, 1) with the same profinite
completion. At the end of the section, we indicate how our examples imme-
diately generalize to give arbitrarily large families. Very similar higher-rank
examples appear in [11].
Consider the totally real cubic F = Q(α) of discriminant 148 where α
has minimal polynomial
p(x) = x3 − x2 − 3x+ 1.
Then F has Galois group the symmetric group S3 on three letters and
Aut(F/Q) is trivial. There is exactly one real embedding ν1 of F with
ν1(α) > 0, and there are two embeddings ν2, ν3 with νj(α) < 0.
The Galois closure L of F is totally real with minimal polynomial q(x) =
x6 − 20x4 + 100x2 − 148 and discriminant 810448. Write L = Q(β), where
β is a root of q(x). The three distinct embeddings of F into L are given by
ρ1(α) =
3
2
β4 − 25β2 + 67
ρ2(α) = −
3
4
β4 +
25
2
β2 +
1
2
β − 33
ρ3(α) = −
3
4
β4 +
25
2
β2 −
1
2
β − 33
We identify S3 = Gal(L/Q) with group of permutations of the set {ν1, ν2, ν3}
of real embeddings of F .
Let E/F be any totally imaginary quadratic extension. For concrete-
ness, we take E = F (δ) with δ2 = −1. Let ρ denote the nontrivial Galois
automorphism of E/F . We fix the two ρ-hermitian forms
h1 =

−α 0 00 −α 0
0 0 −1


h2 =

2− α2 0 00 2− α2 0
0 0 −1


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on E3, and let Hj = SU(hj) be the special unitary group of hj . Each Hj is
an absolutely almost simple, simply connected F -algebraic group.
Then we have:
ResF/Q(H1)(R) ∼= SU(2, 1) × SU(3)× SU(3)
ResF/Q(H2)(R) ∼= SU(3) × SU(2, 1) × SU(3)
In the first case, νj(h1) ∈ M3(F ⊗νj R) determines a signature (2, 1) hermi-
tian form on C3 for j = 1 and definite form for j = 2, 3. For the second, the
same is true with the roles of ν1 and ν2 exchanged.
Lemma 3.1. Let ν be a nonarchimedean place of F and Fν the associated
local field. Then H1(Fν) ∼= H2(Fν).
Proof. When ν splits in E, one has Hj(Fν) ∼= SL3(Fν). When ν is inert or
ramifies and µ is the unique prime of E lying over ν, Hj(Fν) is isomorphic
to the unique special unitary group in 3 variables over Fν with respect to
the quadratic extension Eµ/Fν . See [16, Ch. 10] for details on hermitian
forms over global fields and their localizations.
This immediately implies the following.
Corollary 3.2. Let A∞F be the finite adeles of F . Then there is an isomor-
phism
H1(A
∞
F )
∼= H2(A
∞
F ).
Fix an open compact subgroup K < H1(A
∞
F )
∼= H2(A
∞
F ) and define
Λj = Hj(F ) ∩K,
where Λ2 is determined by a fixed isomorphism H1(A
∞
F )→ H2(A
∞
F ). Then
each Λj defines a lattice Γj < PU(2, 1) via the real embedding νj of F .
Since Hj is anisotropic, it follows that Γj is cocompact. We assume that K
is sufficiently small that each Γj is torsion-free.
For a concrete example, for any prime ideal P of the ring of integers OF
of F , we can choose K such that Λ1 is the congruence subgroup of H1(OF )
consisting of those matrices in SL3(OE) that preserve h1 and are congruent
to the identity modulo P. Let νQ denote the place of F associated with the
prime ideal Q of OF and OQ ⊂ FνQ be the integral closure of OF in FνQ .
We then have that this classical congruence subgroup is associated with the
compact open subgroup
KP = H1(POP )×
∏
Q6=P
H1(OQ) < H1(A
∞
F ).
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For all but finitely many P, this determines a torsion-free lattice, and this
generalizes in the obvious way to any ideal J of OF .
However, notice that this does not necessarily mean that Λ2 has the same
description as a congruence subgroup in the more well-known sense, since
the identification of K with an open compact subgroup of H2(A
∞
F ) depends
on the isomorphisms between H1(Fν) and H2(Fν) for each nonarchimedean
place ν of F . (We will not use this, but remark that α, α2 − 2, and −1
generate the unit group of F ; this could be used to explicitly calculate the
image of K in H2(A
∞
F ).)
Theorem 3.3. The lattices Γ1,Γ2 < PU(2, 1) described above are not iso-
morphic but have isomorphic profinite completions.
Proof. Let Vj be the smooth complex hyperbolic manifold B
2/Γj , considered
as a smooth projective surface defined over a number field. We will show
that there is an element τ ∈ Aut(C) such that V2 = τV1. It follows that
the two varieties have the same e´tale fundamental groups. For example, see
the discussion in [11, §1.1]. Recall that the e´tale fundamental group of Vj is
the profinite completion of the topological fundamental group, which is Γj.
Since there is by construction no element σ in Aut(F/Q) = {1} such that
σH1 is F -isomorphic to H2, it follows from Theorem 2.2 that Γ1 and Γ2 are
not commensurable in PU(2, 1), hence they certainly are not isomorphic.
Let τ be an element of Aut(C) whose restriction to L is the transposition
(1 2) ∈ S3, where S3 is identified with the permutation group on the set
{ν1, ν2, ν3} of real embeddings of F . Then Theorem 2.1 implies that τV1 is
isomorphic to a Shimura variety V τ1 associated with an F -algebraic group
H ′1 with the property that H
′
1(Fν)
∼= H1(Fν) for every nonarchimedean place
ν of F and
H ′1(Fν)
∼= H1(Fτ(ν))
for every real embedding. By construction we then have that H ′1(Fν)
∼=
H2(Fν) for every place ν of F , so the Hasse principle for unitary groups [12,
p. 359] implies that H ′1
∼= H2 as F -algebraic groups. Fixing the isomorphism
between H1(A
∞
F ) and H2(A
∞
F ) as in [11, Rem. 1.6] to define Λ2 implies that
pi1(τV1) ∼= Γ2. This completes the proof of the theorem.
Remark 3.4. To prove the theorem, we did not need to prove that H ′1
is isomorphic to H2, only that H
′
1 is not F -isomorphic to σH1 for some
σ ∈ Aut(F/Q), which is obvious from the choice of τ . We included H2 to
make the identification more concrete.
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We now indicate how one bootstraps the above to get arbitrarily long
sequences Γ1, . . . ,Γd of torsion-free cocompact lattices in PU(2, 1) with iso-
morphic profinite completions. As in [11], one replaces F with a totally
real field of degree d with trivial automorphism group. One then finds
Aut(F/Q)-inequivalent algebraic groupsH1, . . . ,Hd for whichHj = τjH1 for
some τj ∈ Aut(C) and implements the above strategy to construct Vj = V
τj
1 .
(Note that the above actually allows one to find three nonisomorphic lattices
by choosing h3 that has signature (2, 1) at ν3.)
We close the paper by proving some of the features of our examples indicated
in the introduction.
Lemma 3.5. One can choose the lattices Γ1,Γ2 in Theorem 1.1 to have
arbitrarily large first betti number. In particular, they do not have the con-
gruence subgroup property.
Proof. It is well-known that having a homomorphism onto Z implies that a
lattice does not have the congruence subgroup property. See [10, Thm. 7.2].
For the lattices of ‘simplest type’ considered in this paper, Kazhdan [9] and
Shimura [18] showed that we can choose the congruence subgroup of H1(F )
to have positive first betti number. It is then an observation due to Borel
[4] that one can find a congruence subgroup for which the first betti number
is arbitrarily large.
Remark 3.6. Since the groups Γ1 and Γ2 have the same profinite comple-
tions, they have the same set of finite abelian quotients. In particular, their
abelianizations are isomorphic.
Lemma 3.7. The lattices Γ1 and Γ2 have the same covolume, i.e., B
n/Γ1
and Bn/Γ2 have the same volume.
Proof. This is a consequence of Prasad’s volume formula [13, Thm. 3.7].
With notation as above, we have
Λj = Hj(F ) ∩K,
for K < Hj(A
∞
F ) an open compact subgroup, so Λj is a lattice in SU(n, 1)
and Γj is its projection to PU(n, 1). In particular, recall that K is indepen-
dent of j = 1, 2. All the terms in Prasad’s formula for the covolume of Λj
depend on:
1. the totally real field F ,
2. the imaginary quadratic extension E,
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3. the dimension of Hj ,
4. a number s(Hj) depending only on the unique absolutely quasi-simple,
simply connected group Hj defined and quasi-split over F [13, §0.4],
5. a product depending on the ‘exponents’ {mi} of Hj,
6. the Tamagawa number of Hj, which is 1 [13, §3.3],
7. and an Euler factor Ej.
Since dim(H1) = dim(H2) and H1 ∼= H2 is the unique unitary group with
respect to E/F that is everywhere quasi-split, the factors in (1) - (6) above
are all the same. Critically, the Euler factors Ej for Λj are completely deter-
mined by the open compact subgroup K, which is independent of j (more
specifically, it is determined by the parahoric subgroups Kν = Hj(Fν) ∩K
for each nonarchimedean place ν of F ). This proves that Λ1 and Λ2 have
the same covolume in the sense of [13]. The volume of Bn/Γj is a constant
multiple of the covolume of Λj (e.g., see [5, §4.2]), so the lemma follows.
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